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a b s t r a c t 
A methodology to implement non-reﬂecting boundary conditions for turbomachinery applications, based
on characteristic analysis is described in this paper. For these simulations, inlet conditions usually corre- 
spond to imposed total pressure, total temperature, ﬂow angles and species composition. While directly
imposing these quantities on the inlet boundary condition works correctly for steady RANS simulations,
this approach is not adapted for compressible unsteady Large Eddy Simulations because it is fully re- 
ﬂecting in terms of acoustics. Deriving non-reﬂecting conditions in this situation requires to construct
characteristic relations for the incoming wave amplitudes. These relations must impose total pressure,
total temperature, ﬂow angle and species composition, and simultaneously identify acoustic waves reach- 
ing the inlet to let them propagate without reﬂection. This treatment must also be compatible with the
injection of turbulence at the inlet. The proposed approach shows how characteristic equations can be
derived to satisfy all these criteria. It is tested on several cases, ranging from a simple inviscid 2D duct
to a rotor/stator stage with turbulence injection.
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h. Introduction
Specifying inlet and outlet boundary conditions for compress-
ble simulation still remains a key issue (Colonius [8] ) especially
or unsteady ﬂows where wave reﬂections must be controlled.
n this ﬁeld, characteristic boundary conditions have progressively
ecome standard. Initially introduced by Thompson [48] , Euler
haracteristic Boundary Conditions (ECBC) was then extended by
oinsot and Lele [34] to viscous ﬂows by proposing the Navier–
tokes Characteristic Boundary Conditions (NSCBC) approach. This
ethod speciﬁes a given number of quantities –for example static
ressure for an outlet, velocity and temperature for an inlet– on
he boundary condition, and allowing the outgoing waves, com-
uted by the numerical scheme, to leave the domain with min-
mum reﬂection. The NSCBC strategy has been later extended to
ulti-species reacting ﬂows and to aeroacoustics (Baum et al. [3] ,
kong’o and Bellan [31] , Moureau et al. [29] , Poinsot and Veynante
33] , Yoo et al. [53] , Yoo and Im [52] , Freund [13] , Colonius [7] ).
The NSCBC original paper [34] provides examples of implemen-
ations for several boundary conditions. A subsonic inﬂow spec-∗ Corresponding author.
E-mail address: nicolas.odier@cerfacs.fr (N. Odier).
 
 
 
ttps://doi.org/10.1016/j.compﬂuid.2018.09.014 fying the three velocity components and the static temperature
s detailed, and remains today a very common boundary condi-
ion for most applications. Later, Guézennec and Poinsot [19] pro-
osed a modiﬁcation of this inlet condition to yield the vortical-
ow characteristic boundary condition (VFCBC), based on a Mach
umber expansion detailed in Prosser [38] . This VFCBC allows vor-
icity wave injections while acoustics waves propagate outside the
omain without reﬂection. 
While characteristics boundaries are required for LES and DNS
f reacting ﬂows or aeroacoustic applications, they are much less
sed for turbomachinery simulations. 
• At outlets, most turbomachinery simulations use today an im-
posed static pressure proﬁle satisfying an approximate radial
momentum equation also termed simpliﬁed radial equilibrium.
This boundary condition is however and by construction fully
reﬂecting, and therefore not adequate for proper LES and DNS
of such ﬂows. In 2014, Koupper et al. [21] have shown that the
NSCBC methodology remains fully compatible with turboma-
chinery computations in stator vanes allowing both radial equi-
librium to occur while being non-reﬂective.
• At inlets, turbomachinery conditions usually correspond to im-
posed total pressure P t = P s 
(
1 + γ−1 2 M 2 
) γ
γ−1 
, total temperature
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 1. Rotation from cartesian basis to the normal patch basis.
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⎛
⎜⎜⎝T t = T s 
(
1 + γ−1 2 M 2 
)
, where P s is the static pressure, T s is the
static temperature, M the Mach number, γ the adiabatic coef-
ﬁcient, as well as ﬂow direction, and species mass fractions.
The use of total temperature and pressure for turbomachin-
ery applications lies in the fact that the total quantity losses
correspond to exchanged work and heat transfer of such sys-
tems. These quantities are also commonly measured at differ-
ent sections in test engine using Pitot tubes and thermocou-
ples. For Euler equations and steady ﬂows, Giles [16] and Saxer
and Giles [40] proposed a total quantity inﬂow formulation,
later extended to 3D ﬂows by Anker et al. [2] , and to unsteady
ﬂows by Schluß et al. [41] . For unsteady Navier–Stokes equa-
tions, Struijs et al. [45] also reported a NSCBC formulation to
impose total pressure, total temperature, and ﬂow angle. Their
chosen formulation however relies on an incompressible def-
inition of the total pressure which is invalid for compressible
ﬂows. 
• Aside from adequately prescribing the total quantities while
treating acoustic, an inlet turbomachinery boundary condition
must be able to handle vorticity injection. Indeed turbulence
may have a signiﬁcant impact on turbomachinery ﬂows (Choi
et al. [5] , Carullo et al. [4] ). For a fan or a compressor com-
putation, the level of turbulence is likely to modify the suc-
tion side transition mode, which will inﬂuence losses predic-
tions (Jahanmiri [20] , Wissink et al. [50] , Michelassi et al. [27] ,
Scillitoe et al. [43] ).
The aim of this paper is thus to propose a NSCBC inlet bound-
ary condition imposing total pressure, total temperature, ﬂow di-
rection, and composition in a compressible context, and which is
compatible with turbulence injection for both Direct Numerical
Simulation (DNS) and Large Eddy Simulation (LES). The paper is
organized as follows: Section 2 describes the NSCBC formulation
for this inlet condition. Section 3 evaluates the methodology on
several test-cases, from academic test-cases to complex industrial
conﬁgurations. For all cases, the outlet condition is a ﬁxed static
pressure, imposed through a NSCBC methodology. 
2. NSCBC strategy to impose P t , T t , directions and species
composition
2.1. The NSCBC methodology 
This subsection summarizes the main ideas of the NSCBC strat-
egy. For more details, the reader is referred to Thompson [48] ,
Giles [15] (Euler equations), Poinsot and Lele [34] , Poinsot and
Veynante [33] (Navier–Stokes equations), Nicoud [30] (Euler and
Navier–Stokes equations). 
The compressible Navier–Stokes equations, using Einstein nota-
tion, are: 
∂ρ
∂t 
+ ∂
∂x i 
( ρu i ) = 0 (1)
∂ρu i 
∂t 
+ ∂
∂x j 
(
ρu i u j 
)
+ ∂P s 
∂x i 
= ∂τi j 
∂x j 
(2)
∂ρE 
∂t 
+ ∂
∂x i 
( ρE + P s ) u i = 
∂
∂x i 
(
u j τi j
)
− ∂q i
∂x i 
(3)
where ρ is the local ﬂuid density, u i the velocity components, P s 
the static pressure, T s the static temperature, E the total energy,
and τ ij the stress tensor deﬁned as: 
τi j = μ
(
∂u i 
∂x j 
+ ∂u j
∂x i
− 2
3
δi j 
∂u k 
∂x k 
)
(4)ith δij the Kronecker delta and μ the dynamic viscosity. q i is the
eat ﬂux along the x i direction and is deﬁned as q i = −λ∂T s ∂x i , where
is the thermal conductivity. The system is ﬁnally closed using the
deal gas law: 
 s = ρrT s (5)
here r is the speciﬁc gas constant of the mixture r = R W , with W
he mean molecular weight of the mixture and R = 8 . 3143 J/mol.K
he universal gas constant. 
The present paper focuses on Direct Numerical Simulations
DNS), where all energetic scales are resolved, or on Large Eddy
imulations (LES) (Leonard [24] , Germano [14] ). In terms of bound-
ry conditions, using DNS or LES leads to the same solution. The
rst step to build characteristic boundary conditions is to write
ll equations in a reference frame linked to the boundary surface,
here the normal vector is noted  n, and the two tangential vectors
re respectively noted as  t 1 and  t 2 ( Fig. 1 ). 
The characteristic analysis of Thompson [48] for Euler equa-
ions consists in transforming the conservative variables U =
(ρu , ρv , ρw , ρE ) T into primitive variables in the reference frame
(  n,  t 1 ,  t 2 ) so that we get: V = (u n , u t 1 , u t 2 , P s , ρk ) T . Then trans-
orming those primitives variables into characteristics variables, it
esults from both operations conservative variables U which sat-
sfy: 
∂U 
∂t 
+ A U ∂U 
∂x 
+ B U ∂U 
∂y 
+ C U ∂U 
∂z 
+ S = 0 (6)
here A U , B U , C U are the Jacobian matrices of the respective ﬂuxes
n the x, y , and z directions, and S is the diffusion term. Similarly,
he primitives variables V satisfy: 
∂V 
∂t 
+ N ∂V 
∂n 
+ T 1 ∂V 
∂t 1 
+ T 2 ∂V 
∂t 2 
+ S = 0 (7)
here N is the normal Jacobian, T 1 and T 2 are the two tangential
acobian along  t 1 and  t 2 . The transformation of the primitives vari-
bles into normal characteristics variables consists in diagonalizing
he Jacobian N and writing the balance equations for the charac-
eristic variables W : 
∂W 
∂t 
+ D∂W 
∂n 
= S W − T W (8)
 is thus a diagonal matrix containing the characteristic propaga-
ion velocities λi (eigenvalues of N ), and S W − T W is the sum of all
he non-hyperbolic, non-normal to the boundary condition terms:
eaction, diffusion, and tangential terms. 
The notation L i = λi ∂W ∂n is introduced to characterize the wave
mplitude associated with each characteristic velocities λi , where i
s the index of the corresponding wave. The characteristic analysis
pplied to the Navier–Stokes equations ﬁnally leads to the charac-
eristic L i waves ( Fig. 2 ), written in the boundary reference frame
 

 n,  t 1 ,  t 2 ) (Poinsot and Lele [34] ): 
L + 
L −
L t 1 
L t 2 
L S 
⎞
⎟⎟ ⎠ =
⎛
⎜⎜⎜⎜⎝
( u n + c )
(
∂u n
∂n
+ 1ρc ∂P s∂n
)
( u n − c ) 
(
− ∂u n 
∂n
+ 1ρc ∂P s∂n
)
u n
∂u t 1 
∂n
u n
∂u t 2 
∂n
u n
(
∂ρ
∂n
− 1
c 2
∂P s
∂n
)
⎞
⎟⎟⎟⎟⎠ (9)
Fig. 2. Inlet and outlet boundary conditions, and respective L i waves.
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Fig. 3. Velocity vector 
→ 
U , and corresponding θ and φ angles deﬁning the ﬂow di- 
rection.
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‖L + and L − are respectively the inward and the outward acous- 
ic waves, while L t 1 and L t 2 are transverse shear waves, and L S is
he entropic wave. Species waves L k may also be introduced as: 
 S = 
N ∑ 
k =1
L k with L k = 
∂ρk
∂n 
− Y k 
c 2 
∂P s 
∂n 
(10)
here ρk is the density of species k , and Y k the mass fraction of
pecies k . 
The NSCBC strategy consists in considering a locally one-
imensional inviscid (LODI) ﬂow on the boundary to specify the
mplitude of ingoing waves. The characteristic system for the
avier–Stokes equations hence becomes after the LODI assump-
ions: 
∂ρ
∂t 
+ 
(
L S + ρc
2 
( L + + L −) 
)
= 0 (11) 
∂P s 
∂t 
+ ρc 
2
( L + + L −) = 0 (12) 
∂u n 
∂t 
+ 1 
2
( L + −L −) = 0 (13)
∂u t 1 
∂t 
+ L t 1 = 0 (14) 
∂u t 2 
∂t 
+ L t 2 = 0 (15) 
Note that these LODI relations may be combined to express the
ime derivatives of other quantities ( Appendix 5.1 ). Waves ampli-
udes are deduced using LODI relations (Poinsot and Lele [34] ), and
hen used on the boundary in Eq. (7) to advance the solution in
ime. In terms of treatment, specifying the ingoing wave ampli-
udes is actually the crucial part of most NSCBC extensions and
ODI formulations have been improved to account for transverse
erms by Yoo et al. [53] , Yoo and Im [52] , Lodato et al. [26] , and
ranet et al. [18] . 
.2. LODI relations for P t , T t , ﬂow direction, and species composition 
When the objective of the boundary condition treatment is to
mpose P t , T t , ﬂow direction and species composition at the inlet,
he use of NSCBC requires LODI expressions for P t and T t . This was
ot done in Poinsot and Lele [34] and it requires some algebra as
hown below. To account for compressibility effects, total pressure
 t and total temperature T t need to be expressed as functions ofhe local ﬂow Mach number M . This implies that temporal deriva-
ion of P t and T t will involve the Mach number temporal deriva-
ive. This Mach number derivation itself involves the derivation of
he kinetic energy equation ( Appendix 5.2 ), due to the relation: 
 
2 = u n 
2 + u t 1 2 + u t 2 2
γ rT s 
= 2 e c
γ rT s 
(16) 
here e c is the kinetic energy, γ the adiabatic coeﬃcient, r is the
peciﬁc gas constant, and T s the static temperature. The adiabatic
oeﬃcient γ is considered to be constant. Writing β = (γ − 1) , af-
er algebraic manipulations ( Appendix 5.3 ), its temporal derivative
s expressed as: 
∂M 2 
∂t 
= 2
c 2 
(
L + ·
(
βe c 
2 c 
− u n
2
)
+ L − ·
(
βe c 
2 c 
+ u n
2
)
−u t 1 L t 1 − u t 2 L t 2 −
e c
ρ
·L S
)
(17) 
Using Eq. (17) , the total pressure LODI equation becomes
 Appendix 5.4 ): 
∂P t 
∂t 
= L + ·
(
−ρc 
2 
P t 
P s 
+ P t 
rT t
·
(
βe c 
2 c 
− u n
2
))
+ L − ·
(
−ρc 
2 
P t 
P s 
+ P t
rT t 
·
(
βe c 
2 c 
+ u n
2
))
−L t 1 u t 1 ·
P t
rT t 
−L t 2 u t 2 ·
P t
rT t 
−e c
ρ
·L S · P t
rT t 
(18) 
Similarly, the equation for total temperature reads
 Appendix 5.5 ): 
∂T t 
∂t 
= L + ·
(
−βT t
2 c
+ 1
C p
(
βe c 
2 c 
− u n
2
))
+ L − ·
(
−βT t
2 c
+ 1
C p
(
βe c 
2 c 
+ u n
2
))
−L t 1 
u t 1
C p 
−L t 2 
u t 2
C p 
+ T t 
ρr
N ∑ 
k =1
r k L k −
e c
ρC p 
·L S (19) 
here C p = γ r γ−1 applies. The ﬂow direction is ﬁxed by imposing
in ( θ ) and sin ( φ), where θ and φ are respectively the ﬂow angles
n the (O, 
→ 
n , 
→ 
t 1 ) plane and in the ( O, 
→ 
n , 
→ 
t 2 ) plane ( Fig. 3 ). These
wo speciﬁc variables can be linked to the local ﬂow velocity vec-
or since 
in (θ ) = u t 1 
‖ → U ‖ 
, sin (φ) = u t 2
‖ → U ‖ 
(20)
sing: 
 
→ 
U ‖ = √u n 2 + u t 1 2 + u t 2 2 (21)
Table 1
Summary of characteristic equations to consider to impose total pressure P t , total
temperature T t , ﬂow direction through imposition of θ and φ, and species compo- 
sition Y k .
∂Pt
∂t
= L + ·
(
− ρc
2
Pt
Ps
+ Pt
rTt
·
(
βec
2 c 
− u n
2
))
Total pressure + L − ·
(
− ρc
2
Pt
Ps
+ Pt
rTt
·
(
βec
2 c
+ u n
2
))
LODI equation −L t 1 u t 1 · PtrTt −L t 2 u t 2 ·
Pt
rTt
− ecρ ·L S · PtrT t
∂Tt
∂t
= L + ·
(
− βTt
2 c
+ 1 
C p
(
βec
2 c
− u n
2
))
Total temperature + L − ·
(
− βTt
2 c
+ 1 
C p
(
βec
2 c
+ u n
2
))
LODI equation −L t 1 
u t1
C p
−L t 2 
u t2
C p
+ T tρr
∑ N 
k =1 r k L k
− ecρC p ·L S
Flow direction
∂u t1 
∂t
= −L t 1 
LODI equation
∂u t2 
∂t
= −L t 2 
Species composition LODI equation ∂Y k
∂t
= − 1 ρ ( L k − Y k L S ) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 4. 2D test case.
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w  The latter is equivalent to impose the two shear waves, since:
∂u t 1 
∂t 
= ∂
∂t 
(
‖ → U ‖ × ( sin (θ ) )
)
= −L t 1 (22)
∂u t 2 
∂t 
= ∂
∂t 
(
‖ → U ‖ × ( sin (φ) )
)
= −L t 2 (23)
Note that with the formalism at hand, the velocity magnitude
‖ → U ‖ is not imposed, only θ and φ are imposed through the use
of transverse shear waves. Note that Albin et al. [1] proposed to
re-write the characteristic equations in a different frame of refer-
ence. This approach should not differ from our method since the
momentum equations are the same in all frames. 
The target P t and T t may change with time, so that terms 
∂P t
∂t
and ∂T t
∂t
are kept in the LODI equations of Table 1 . Finally, the
species composition is imposed as : 
∂Y k 
∂t 
= − 1 
ρ
( L k − Y k L S ) (24)
2.3. The P t − T t NSCBC treatment 
Having identiﬁed the evolution equations to be considered in
the context of the LODI assumptions, the remaining step con-
sists in imposing the desired informations while satisfying speciﬁc
properties for the boundary condition. As already stated, out of the
5 L i in the system, the two shear waves are ﬁxed when impos-
ing the ﬂow angle ( Eqs. (22) and (23) ). The remaining waves L + ,
L S and L k can then be determined solving the system given by
Eqs. (18) , (19), (24) : 
L + ·
(
−ρc 
2 
P t 
P s 
+ P t
rT t
(
βe c 
2 c 
− u n
2
))
−L S · e c 
ρ
P t 
rT t 
= ∂P t
∂t 
+ P t
rT t
· ( L t 1 u t 1 + L t 2 u t 2 )
−L − ·
(
−ρc 
2 
P t 
P s 
+ P t
rT t
(
βe c 
2 c 
+ u n
2
))
(25)
L + ·
(
−βT t
2 c
+ 1
C p
(
βe c 
2 c 
− u n
2
))
− e c
ρC p 
·L S
= ∂T t
∂t 
+ 1
C p
· ( L t 1 u t 1 + L t 2 u t 2 ) −
T t 
ρr 
N ∑ 
k =1
r k L k −L − ·
(
−βT t
2 c
+ 1
C p
(
βe c 
2 c 
+ u n
2
))
(26)
∂Y k
∂t
= − 1 ρ ( L k − Y k L S ) (27)
.4. Final waves expression 
The resolution of the system of Eqs. (25) –(27) is detailed in
ppendix 5.6 . It yields the following expressions, termed Pt-Tt-
SCBC-R : 
 t 1 = −
∂u t 1
∂t 
(28)
 t 2 = −
∂u t 2
∂t 
(29)
 k = Y k L S − ρ
∂Y k 
∂t 
(30)
L +
=
F 1 
∂T t 
∂t
+ F 2 ∂Pt∂t +
Pt
rTt
· F 2 F 3 + 1C p · F 1 F 3 + F 1 ·
T t 
r
∑ N 
k =1 r k 
∂Y k 
∂t
−L − · ( F 2 F 6 + F 1 F 7 )
F 4 F 2 + F 5 F 1 
(31)
 S = 
∂T t
∂t
+ 1 
C p 
F 3 + T t r
∑ N
k =1 r k 
∂Y k 
∂t 
− F 5 ·L + − F 7 ·L −
F 2 
(32)
where: 
 1 = e c
ρ
· P t
rT t
(33)
 2 = T t
ρ
− e c
ρC p 
(34)
 3 = L t 1 u t 1 + L t 2 u t 2 (35)
 4 = 
(
−ρc
2
· P t
P s
+ P t
rT t
·
(
βe c 
2 c 
− u n
2
))
(36)
 5 = 
(
−βT t
2 c
+ 1
C p
(
βe c 
2 c 
− u n
2
))
(37)
 6 = 
(
−ρc
2
· P t
P s
+ P t
rT t
·
(
βe c 
2 c 
+ u n
2
))
(38)
 7 = 
(
−βT t
2 c
+ 1
C p
(
βe c 
2 c 
+ u n
2
))
(39)
Eq. (31) provides a relation between the right-going acoustic
ave L + to impose and the incoming left-going L − wave from
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t
onon-reflecting" but instead becomes "partially non-reflecting", and 
herefore can be characterized by a reflecting coefficient R function
f ax. 
. Validation and discussion
Two boundary conditions that impose Pr, Tr, flow direction and 
species have been derived in Section 2.4, one being reflecting (Pt­
t-NSCBC-R), the other being non-reflecting (Pt-Tt-NSCBC-NR). The 
im of this paper is to evaluate the non-reflecting formulation, re­
uired for turbomachinery applications. Tests have also been per­
ormed to evaluate the reflecting formulation, but not shown here 
or the sake of concision. The current section allows evaluating 
he Pt-Tt-NSCBC-NR boundary conditions on several test-cases, and 
rovides a best-practice to deal with relaxation coefficients which 
re the only adjustable parameters of the method. The first test­
ase (Section 3.1 ) consists in a 2D square-box with constant inlet 
r, Tr, flow angles and constant static outlet pressure, and allows to 
nvestigate the flow establishment toward the imposed values for 
ath conditions, depending on the relaxation coefficients. Once the 
low is established for an axial case (0 = <P = 0), Section 3.2 evalu­
tes the effect of modifying the flow direction. The acoustic reflec-ian coefficient of each conditions is then studied as a function of 
he relaxation coefficients ax in Section 3.3. The compatibility with 
 synthetic turbulence injection is finally evaluated in Section 3.4. 
o conclude, the derived boundary condition is used in a Noz­
le Guide Vane flow simulation in Section 3.5. These test-cases 
re summarized in Table 2. Computations are performed using the 
D unstructured solver AVBP, detailed in Sch0nfeld et al. (42] and 
ourdain et al. (17], using a two-step Taylor Galerkin TIGC (Colin 
nd Rudgyard, [6]) numerical scheme. 
.1. Convergence of the mean flow to imposed targets 
The first academic test-case is a 2D test-case, with [Lx x Ly] = 
100 mm x 100 mm], discretized with [nx x ny] = (128 x 128] cells
Fig. 4). The inlet condition corresponds to a total pressure Pr = 
8, 803 Pa, a total temperature Tr = 281 K, a normal flow direction 
0 = <P = O), for air. A static pressure Ps = 71,000 Pa is imposed at
he outlet boundary, and periodic conditions are applied on the 
ther boundaries. For this case, the Mach number must reach a 
Table 2
Test-cases.
Test case Schematic Object of the study
2D square box Flow setting up toward target values of P t , T t ,
θ , φ ( subsections 3.1, 3.2 ).
2D square box Acoustic wave impacting on inlet condition:
reﬂectivity ( subsection 3.3 ).
3D rectangular box Turbulence injection: Turbulent characteristics,
and non-reﬂectivity in case of turbulence
injection ( subsection 3.4 ).
Actual rotor-stator
turbomachinery
Actual turbomachinery: Flow setting up toward
target values, turbulence injection
( subsection 3.5 ).
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Talue given by ( γ = 1 . 4 ): 
 = 
√√ √ √ 2
γ − 1 
( (
P t
P s 
) γ−1
γ
− 1
)
= 0 . 7036 (46)
he initial solution is arbitrarily chosen, and characterized by a
tatic pressure P s = 98 , 803 Pa , a static temperature T s = 281 K ,
nd an initial velocity U = 10 m/s . All relaxation coeﬃcients are
qual ( σX = σP tot = σT tot = σsin (θ ) = σsin (φ) ). 
A probe is located at the inlet boundary condition, and the tem-
oral evolutions of P t , T t are given in Figs. 5 and 6 for the non-
eﬂecting formulation. Figs. 7 and 8 display the inlet static pres-
ure P s and the inlet Mach number. As the conﬁguration is peri-
dic in the transverse direction, no loss occurs and the ﬂow may
e considered isentropic: the static pressure in the domain must
e equal to the prescribed outlet static pressure. The inlet Mach
umber should reach the theoretical value of Eq. (46) . Figs. 5 to 8 show that σX = 0 does not allow reaching the target
alue for this speciﬁc test-case for the non-reﬂecting formulation.
hen considering this phase of ﬂow establishment, starting from
n initial solution that differs from the ﬁnal state, the user should
se signiﬁcant relaxation coeﬃcient σ X to rapidly converge the
ow to the adequate and desired state. As evidenced by this test
ase, establishing a mean operating condition for a ﬂow whose ini-
ial solution is a pure guess while imposing chosen boundary con-
ition is not a simple problem. Clearly such a process is strongly
ependant on the boundary condition formulation and the initial
olution. Once the ﬂow is established, tests show that the inlet re-
axation coeﬃcients σ X can be brought back to zero and that no
rift occurs. The corresponding established mean ﬁeld is used in
he following subsections as an initial condition: P s = 71 , 0 0 0 Pa ,
 s = 255 . 711 K , u = 225 . 99 m/s , M = 0 . 7036 . 
P t-Tt-NSC BC-N R fo rmulation: Reflected wave w+ at t he lnle t 
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Fig. 11. Reflected wave W+ depending on the relaxation coefficients ax, for non­
reflecting formulation. The incoming left-going wave w_ is also depicted. 
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f.2. Imposition of a flaw direction 
Starting from the previously established flow, a velocity angle of 
 = 15° is imposed at the boundary condition. Fig. 9, showing the 
ime evolution of the flow direction, confions that the proposed 
pproach provides the correct evolution of sin(0) toward the de­
ired value (sin(0) = 0.258) when a non zero relaxation coefficient 
s used. 
.3. Acoustic properties of the inlet boundary conditions
The acoustic reflectivity of the proposed formulation is evalu­
ted in this subsection, for various values of the relaxation coef­
cient crx. To do so, a Gaussian left-going acoustic wave is super­
mposed to the flow established in Section 3.1, initially centered at 
0 = f; = ¾, and for which the following perturbation reads: 
' = -peu' with 
(X X
9
)2 
u' = Ae- r (47) 
with A = 0.001 and r = 0.01. Fig. 10 shows pressure and veloc­
ty fluctuation evolutions as the acoustic wave crosses the inlet 
oundary for several values of the crx coefficients for the non­
reflecting formulation: very small reflections appear. 
To quantitatively evaluate the reflection coefficient R, static 
ressure, velocity and density signais are recorded at the inlet 
robe and decomposed into mean and fluctuating components, 
(t) = p + p' (t), U(t) = Ü + U' (t), p(t) = p + p' (t). ( 48)
he inward and backward acoustic waves W+ and w_ are then re­
onstructed using: 
{
w+ = p' + peu'
w_ = p' - peu'
(49a) 
(49b) 
hose waves are then recast into frequencies through a Fast Fourier 
ransform operator -, and the reflection coefficient R is finally ob­
ained using: 
 = W
+
\tl_ (50) 
Fig. 11 depicts the reconstructed reflected wave W+ at the inlet 
or several relaxation coefficients crx. Note that for a purely non­
eflecting condition, although w_ is present, W+ should remain 
ero. Any signal in W+ reconstruction is therefore indicating of a 
eflection. For low values of crx (less than 100), the boundary be­
aves as expected: no reflection is observed for this non-reflecting 
ormulation. 
Fig. 13 depicts the evolution of the reflection coefficient for the
onsidered working point, depending on the relaxation coefficient x. In this Figure, the maximum R is plotted for the Pt-Tt-NSCBC­
R formulation. For a zero relaxation coefficient, the proposed for­
ulation behaves as expected. As crx increases, it behavior deteri­
rates. 
The evolutions of Pr as the acoustic wave crosses the inlet are 
resented in Fig. 14. For crx = 0, the proposed non-reflecting for­
ulation recover the target Pr value as soon as the acoustic wave 
as passed the inlet. The same conclusion holds for the total tem­
erature Tr (not shown). 
.4. Compatibility with turbulence injection 
As stated in the introduction, an inlet boundary condition for 
urbomachinery computations must handle turbulence injection. 
eviews of turbulence injection methodologies for LES may be 
ound in Tabor and Baba-Ahmadi (46), Dhamankar et al. (11) and 
u (51 ). The compatibility of the proposed non-reflecting bound­
ry condition with a synthetic turbulence injection is assessed in 
his subsection as it is indeed a key condition for many turboma­
hinery computations. 
The three unsteady velocity components (u;, u2, u3) at the in­
et are specified using a Kraichnan's approach (22). Following the 
ortical-Flow Characteristic Boundary Condition {VFCBC) proposed 
n Guézennec and Poinsot (19), these fluctuations are added to the 
nlet acoustic waves derived in Section 2.4 and governing the mean 
low, so that: 
(51) 
(52) 
(53)
a: 
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Fig. 13. Evolution of the reflection coefficient R depending on the relaxation coefficient ax for the reflecting and the non-reflecting formulation. 
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for the non-reflecting formulation. 
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qFor the validation of the proposed methodology, a turbulent 
onvected flow in a rectangular box is computed, for which the 
nflow mean inlet Pr, Tr, as well as an additional synthetic in­
et turbulence are imposed (Fig. 15). The computational domain 
s a [Lx x Ly x Lz) = (4 mm x 1 mm x 1 mm) rectangular box, dis­
retized with [nx x ny x nz) = (392 x 98 x 98) cells. Total pressure 
nd temperature Pr and Tr are imposed at the inlet, static pressure 
5 is imposed a the outlet, so that the expected mean velocity is 
 = 95 m/s. Ail other boundaries are periodic conditions. The inlet 
elocity fluctuation is u' = 5.0 m/ç1 , (TKE = �u'2 = 37.5 m2s-2). 
he target integral lengthscale is À = 1; = if; = 0.56 mm, with 
e the most energetic wavenumber in the Passot-Pouquet spec­
rum, and Àe the most energetic lengthscale. 1000 modes are used 
o build the inlet velocity fluctuation field. Fig. 15 shows the injec­
ion of vortical structures near the inlet (on the left), whose sizes Fig. 15. Synthetic turbulence injection: contours of Q criterion colored by vorticity mre spatially increasing when convected to the exit (on the right), 
s expected from a spatially decaying turbulent flow. 
First, the integral turbulent timescale trurb and lengthscale À are 
valuated as a function of the channel axial length using the two­
ime correlation Ruu(x, -r) (Pope (361): 
rurb(X) = r
=rm
"' Ruu (X, -r )d-r . 
fr=0 
(54) 
here -r max is such that Ruu (x, •max) = O. From this turbulent 
imescale, an integral turbulent lengthscale is deduced using Tay­
or's hypothesis (Taylor, (471). This hypothesis consists in con­
idering a "frozen turbulence" advected by the mean flow, and 
nables the integral lengthscale evaluation through the knowl­
dge of the integral timescale. lt is valid for an established mean 
ow, and if � << 1. This hypothesis is very often used in ex­
erimental works and has been shown to fairly predict turbu­
ence scales (Dahm and Southerland (91). Sorne authors how­
ver raised limitations for some flows configurations, as Lin 
25) who showed this hypothesis is no longer valid for high
hear flows, or Lee et al. (23) who showed that this hypoth­
sis does not apply for the dilatational part of turbulence. 
ore recent works also show this hypothesis breaks down for 
all-bounded flows (Del Alamo and Jiménez (10), Moin (281). 
inally: 
= U · trurb (55) 
Fig. 16 displays the turbulent kinetic energy decrease expected 
ithin the domain (a), and the turbulent integral lengthscale (b). 
t the inlet, a value of TKE = 35 m2 .s-2 is reached, very close to 
he imposed value TKE = 37.5 m2.s-2. A similar conclusion can be 
rawn for the integral turbulent lengthscale at the inlet. It can be 
oticed that À starts decreasing, then increases as expected. The 
rimary decrease in À is associated to the adaptation length re­
uired to reach a physical turbulent spectrum. ., \ 
Vorticity Magnitude (s·'J 
7.roJe<-05 
7e+S 
4.96+5 
42e+5 
3.SOOe<-05 
agnitude. The flow is going from the left to the right. lnlet: Pt-Tt-NSCBC-NR. 
Fig. 16. Turbulent kinetic energy (left) and integral lengthscale λ (right) along the x -axis (Fig 15 ).
Fig. 17. Interaction between synthetic turbulence and acoustic waves: instantaneous contours of Q criterion colored by vorticity magnitude, and cut colored by the pressure
ﬁeld. The ﬂow is going from the left to the right, acoustic waves travel from right to left. Inlet: Pt-Tt-NSCBC-NR.
Fig. 18. FACTOR turbine stage conﬁguration.
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j  As stated in Eqs. (51) to (53) , ﬂuctuations are added to waves
imposing the mean ﬂow, on which the relaxation methodology is
applied. In practice, velocity ﬂuctuations modify the local mach
number, and thus local values of P t and T t . Increasing σ X will con-
sequently induce a damping in the resulting average kinetic en-
ergy. This might be a reason for the small difference found above T KE = 35 m 2 . s −2 instead of T KE = 37 . 5 m 2 . s −2 ). Note that the ef-
ect of σ X on the resulting turbulence will increase as the turbu-
ent velocity ﬂuctuations will result in large Mach number ﬂuctua-
ions. 
To evaluate the acoustic behavior in the case of turbulence in-
ection, a harmonic pulsation is imposed at the outlet of an estab-
Fig. 19. Temporal evolution of integrated variables over the inlet boundary condition toward the target values, together with the relaxation coeﬃcients used during the
simulation. The last value used for σ X is σX = 10 0 0 . 
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tished mean ﬂow, leading to a pressure perturbation that varies in
ime, reading: 
p ac (t) = p ac0 sin (2 π · f ac · t) (56)
he chosen frequency is f ac = 260 kHz , and the pressure ampli-
ude is p ac0 = 10 0 0 Pa , and σX = 0 . An instantaneous contour of
-criterion, the second invariant of the velocity gradient tensor,
nd a longitudinal plane colored by the pressure ﬁeld are shown
n Fig. 17 . Harmonic acoustic waves travel from the outlet to the
nlet, and the evaluated acoustic reﬂection coeﬃcient R at the in-
et Eq. (50) is R = 0 . 06 , proving the ability of the Pt-Tt-NSCBC-NR
o inject turbulence while remaining quasi non-reﬂecting. The tur-
ulent characteristics are found to be the same as those shown in
ig. 16 . 
Since the Pt-Tt-NSCBC-NR formulation is satisfying on these
cademic test-cases, it is then tested in an industrial conﬁguration
n the following subsection. .5. Turbomachinery conﬁguration 
The turbine stage belonging to the non-reactive axial combus-
or simulator FACTOR (Full Aerothermal Combustor-Turbine inter-
ctions Research) conﬁguration ( Fig. 18 ), is computed using the
t-Tt non-reﬂecting boundary condition (Pt-Tt-NSCBC-NR), and the
ES solver TurboAVBP described in Wang et al. [49] enabling the
otor relative motion in a LES context. The conﬁguration consists
n 2 stator vanes and 3 rotor blades, with a rotating speed of
500 rpm, on a 76 millions cells mesh. The initial solution con-
ists in a uniform ﬁeld, with a static pressure of P s = 149 , 0 0 0 Pa , a
tatic temperature T s = 450 K , and no initial velocity. A 2D-map of
 t , T t and ﬂow direction is imposed at the inlet. More details about
he FACTOR conﬁguration may be found in Duchaine et al. [12] . 
The temporal evolutions of the averaged values of P t and T t over
he inlet patch are shown in Fig. 19 , as well as the relaxation coef-
cients σ X used during the simulation. High σ X are needed during
he ﬂow setting up, and these coeﬃcients are decreased once the
arget values are reached. 
Fig. 20. Inlet total pressure (a), total temperature (b) and ﬂow direction (c) for an actual turbine stage. Imposed solution on left, time averaged solution over 1.9ms on right.
Fig. 21. Isosurface of Q-criterion colored by vorticity.
 
 
 
 
 
 
 
 
ﬂ  
w
4
 
d  
P  
c
 
s  
p  
a  
r  
f  
t  
a
 
a  
r  
i  
v  
t  
s  
p  
l  
i  
l  
i
 
e  
2  
w  
o  
a  
tFields of P t , T t , and ﬂow direction sin ( θ ) imposed by the bound-
ary condition and ﬁelds obtained by the LES are compared in
Fig. 20 , showing the ability of the Pt-Tt-NSCBC-NR to correctly han-
dle such spatial 2D-maps prescriptions. Finally, a turbulence in-
jection is added. To do so, a velocity ﬂuctuation of u ′ = 5 m/s is
imposed, with an integral lengthscale λ = 
√ 
2 π
k e 
= λe √ 
2 π
= 1 . 23 mm .
The resulting mean ﬂuctuation measured at the inlet is u ′ =
4 . 33 m/s , and the integral lengthscale is λ = 1 . 17 mm . The resultingow is depicted in Fig. 21 , showing turbulent structures interacting
ith the inlet guide vane. 
. Conclusions
An extension of the Navier–Stokes Characteristic Boundary Con-
ition (NSCBC) is proposed in this paper to impose total pressure
 t , total temperature T t , ﬂow angles θ and φ, and multi-species
omposition Y k at the inlet of a compressible LES or DNS. 
Following the NSCBC methodology, the compressible expres-
ions of total pressure and total temperature are derived to be ex-
ressed in terms of characteristic waves L i . Those L i amplitudes
re then obtained using Locally One-Dimensional Inviscid (LODI)
elations for situations where P t , T t , θ , φ and Y k are imposed. Two
ormulations are proposed: the ﬁrst is reﬂecting (Pt-Tt-NSCBC-R),
he other one non-reﬂecting (Pt-Tt-NSCBC-NR). Both formulations
re implemented using a linear relaxation methodology. 
These two formulations are evaluated on several test-cases, for
 large range of relaxation coeﬃcients. Results show that a large
ange of relaxation coeﬃcients enable to recover a quasi reﬂect-
ng or a quasi non-reﬂecting behavior as well as non-drifting mean
alues. The compatibility of the Pt-Tt-NSCBC-NR condition with
urbulence injection is then demonstrated for a turbomachinery
imulation. A synthetic turbulence injection is added to the pro-
osed formulation, and validated on a turbulent periodic rectangu-
ar box. The inlet boundary condition leads to fair results regard-
ng the expected turbulent kinetic energy, and turbulent integral
engthscale at the inlet. The non-reﬂectivity in case of turbulence
njection is also demonstrated. 
Finally, this boundary condition is tested for a turbomachin-
ry conﬁguration. The FACTOR turbine stage is chosen and spatial
D map of total quantities and ﬂow direction is imposed, together
ith a synthetic turbulence ﬁeld. This test-case shows the ability
f the proposed Pt-Tt-NSCBC-NR to reach the inlet P t , T t , and ﬂow
ngle target values, and to handle the 2D-map prescription and the
urbulent characteristics at the inlet of a complex geometry. 
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ppendix 
.1. Useful relations 
Eqs. (57) to (64) are useful relations resulting from LODI rela-
ions and their combinations. Those relations may be found in [37] .
 = 
N ∑ 
k =1
r k Y k (57) 
∂u n 
∂t 
+ 1 
2
(L + + L −) = 0 (58)
∂u t 1 
∂t 
+ L t 1 = 0 (59) 
∂u t 2 
∂t 
+ L t 2 = 0 (60) 
∂P s 
∂t 
= −ρc
2 
( L + + L −) (61) 
∂r 
∂t 
= − 1
ρ
(
−rL S +
N ∑ 
k =1
r k L k 
)
(62) 
∂T s 
∂t 
= −βT s
2 c 
( L + + L −) + T s 
ρr 
N ∑ 
k =1
r k L k (63) 
∂Y k 
∂t 
= − 1 
ρ
( L k − Y k L S ) (64) 
.2. Kinetic energy derivation 
The temporal derivation of P t and T t involves the Mach number
 derivation, which itself involves the kinetic energy e c equation
erivation: 
 c = u n 
2 + u t 1 2 + u t 2 2
2 
(65) 
The kinetic energy temporal derivative is: 
∂e c 
∂t 
= u n ∂u n 
∂t 
+ u t 1
∂u t 1 
∂t 
+ u t 2
∂u t 2 
∂t 
(66)
Using Eqs. 58–60 , the kinetic energy temporal derivative is ﬁ-
ally: 
∂e c = −u n (L −L ) − u L − u L (67)
∂t 2 
+ − t 1 t 1 t 2 t 2 L.3. Square Mach number derivation 
The square Mach number yields: 
 
2 = u n 
2 + u t 1 2 + u t 2 2
γ rT s 
= 2 e c
γ rT s 
(68) 
Using Eqs. (67) , (62), (63) , the square Mach number temporal
erivative ﬁnally writes: 
∂M 2 
∂t 
= 2
c 2 
(
L + ·
(
βe c 
2 c 
− u n
2
)
+ L − ·
(
βe c 
2 c 
+ u n
2
)
− u t 1 L t 1
−u t 2 L t 2 −
e c
ρ
·L S
)
(69) 
.4. Total pressure derivation 
The total pressure P t is deﬁned by: 
 t = P s 
(
1 + β
2 
M 2 
)( γ
β
)
(70) 
Its temporal derivatives gives: 
∂P t 
∂t 
= ∂P s
∂t 
(
1 + β
2 
M 2 
)( γ
β
)
+ P s γ
β
β
2 
· ∂M 
2
∂t
(
1 + β
2 
M 2 
)( γ
β
−1
)
(71) 
The total temperature T t expression is: 
T t 
T s 
= 
(
1 + β
2 
M 2 
)
(72) 
Using Eq. (61) and Eq. (69) , the total pressure derivative, writ-
en in terms of L i , is ﬁnally: 
∂P t 
∂t 
= L + ·
(
−ρc 
2 
P t 
P s 
+ P t
rT t 
(
βe c 
2 c 
− u n
2
))
+ L − ·
(
−ρc 
2 
P t 
P s 
+ P t
rT t
·
(
βe c 
2 c 
+ u n
2
))
−L t 1 u t 1 ·
P t
rT t 
−L t 2 u t 2 ·
P t
rT t 
− e c
ρ
·L S · P t
rT t 
(73) 
.5. Total temperature derivation 
The total temperature temporal derivative is: 
∂T t 
∂t 
= ∂T s
∂t 
· T t
T s
+ T s · β
2 
· ∂M 
2
∂t
(74) 
This equation is developed using Eqs. (63) and (69) : 
∂T t 
∂t 
= L + ·
(
−βT t
2 c
+ 1
C p
(
βe c 
2 c 
− u n
2
))
+ L − ·
(
−βT t
2 c
+ 1
C p
(
βe c 
2 c 
+ u n
2
))
−L t 1 
u t 1
C p 
−L t 2 
u t 2
C p 
+ T t 
ρr
N ∑ 
k =1
r k L k −
e c
ρC p 
·L S (75) 
.6. System resolution 
L + , L S and L k are determined solving the system of un-
nowns given by Eqs. (73) , (75) and (64) . The term 
∑ N 
k =1 r k L k in
q. (75) needs to be expressed. Eq. (64) gives: 
 k = Y k L S − ρ
∂Y k 
∂t 
(76)
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 Multiplying Eq. (76) by 
∑ N 
k =1 r k , and using Eqs. (57) and
(10) yields:
N ∑ 
k =1
r k L k = rL S − ρ
N ∑ 
k =1
r k 
∂Y k 
∂t 
(77)
The expression of 
∑ N 
k =1 r k L k given in Eq. (77) can be injected in
Eq. (75) . The system of unknowns becomes Eqs. (78) –(80) : 
L + ·
(
−ρc
2
· P t
P s
+ P t
rT t
·
(
βe c 
2 c 
− u n
2
))
− e c
ρ
·L S · P t
rT t 
= ∂P t
∂t 
+ P t
rT t 
· ( L t 1 u t 1 + L t 2 u t 2 ) −L − ·
(
−ρc 
2 
P t 
P s 
+ P t
rT t
·
(
βe c 
2 c 
+ u n
2
))
(78)
L + ·
(
−βT t
2 c
+ 1
C p
(
βe c 
2 c 
− u n
2
))
+ L S ·
(
T t 
ρ
− e c
ρC p 
)
= ∂T t
∂t 
+ 1
C p
· ( L t 1 u t 1 + L t 2 u t 2 ) + 
T t 
r 
N ∑ 
k =1
r k 
∂Y k 
∂t 
−L − ·
(
−βT t
2 c
+ 1
C p
(
βe c 
2 c 
+ u n
2
))
(79)
∂Y k 
∂t 
= − 1 
ρ
( L k − Y k L S ) (80)
Using the expressions deﬁned in Eqs. (33) to (39) , the system of
unknowns can be rewritten: ⎧⎨ 
⎩ 
L + · F 4 −L S · F 1 = ∂P t ∂t + P t rT t F 3 −L − · F 6 (a) 
L + · F 5 +L S · F 2 = ∂T t ∂t + 1 C p F 3 + 
T t 
r
∑ N
k =1 r k 
∂Y k 
∂t 
−L − · F 7 (b) 
∂Y k
∂t
= − 1 ρ ( L k − Y k L S ) (c) 
(81)
Combining equations Eqs. (81a) and ( 81b ) provides a single equa-
tion, with a single unknown L + , removing the unknown L S .
Eq. (81a) × F 2 + Eq. (81b) × F 1 gives : 
L + · ( F 4 F 2 + F 5 F 1 ) = F 2 ∂P t 
∂t 
+ F 1 ∂T t 
∂t 
+ P t
rT t
· F 3 F 2 + 1
C p 
· F 3 F 1
+ F 1 · T t 
r 
N ∑ 
k =1
r k 
∂Y k 
∂t 
−L −(F 6 F 2 + F 1 F 7 ) (82)
L + is ﬁnally deduced: 
L + = 
F 1 
∂T t 
∂t
+ F 2 ∂Pt∂t + 
Pt
rTt
· F 3 F 2 + 1C p · F 3 F 1 + F 1 ·
T t 
r
∑ N 
k =1 r k 
∂Y k 
∂t
−L −(F 6 F 2 + F 1 F 7 )
F 4 F 2 + F 5 F 1 
(83)
Once L + has been expressed, the unknown L S wave is deduced
from Eq. (81b) : 
L S = 
∂T t
∂t
+ 1 
C p 
F 3 + T t r
∑ N
k =1 r k 
∂Y k 
∂t 
− F 5 ·L + − F 7 ·L −
F 2 
(84)
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